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Abstract. Parametricity is one of the foundational principles which
underpin our understanding of modern programming languages. Roughly
speaking, parametricity expresses the hidden invariants that programs
satisfy by formalising the intuition that programs map related inputs
to related outputs. Traditionally parametricity is formulated with proof-
irrelevant relations but programming in Type Theory requires an exten-
sion to proof-relevant relations. But then one might ask: can our proofs
that polymorphic functions are parametric be parametric themselves?
This paper shows how this can be done and, excitingly, our answer requires
a trip into the world of higher dimensional parametricity.

1 Introduction

According to |Strachey| [2000], a polymorphic program is parametric if it applies
the same uniform algorithm at all instantiations of its type parameters. Reynolds
[1983] proposed relational parametricity as a mathematical model of parametric
polymorphism. Phil Wadler, with his characteristic ability to turn deep math-
ematical insight into practical gains for programmers, showed how Reynolds’
relational parametricity has strong consequences [Wadler} 1989 [2007]: it implies
equivalences of different encodings of type constructors, abstraction properties
for datatypes, and famously, it allows properties of programs to be derived “for
free” purely from their types.

Within relational parametricity, types containing free type variables map not
only sets to sets, but also relations to relations. A relation R between sets A and
B is a subset R C A x B. We call these proof-irrelevant relations as, given a € A
and b € B, the only information R conveys is whether a is related to b and not,
for example, how a is related to b. However, the development of dependently
type programming languages, constructive logics and proof assistants means such
relations are insufficient in a number of settings. For example, it is often natural
to consider a relation R between sets A and B to be a function R : A x B — Set,
where we think of R(a,b) as the set of proofs that R relates a and b. Such
proof-relevant relations are needed if one wants to work in the pure Calculus of
Constructions |[Coquand and Huet| |1988] without assuming additional axioms
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(in contrast, |Atkey| [2012] formalised (proof-irrelevant) relational parametricity in
Coq, an implementation of the Calculus of Constructions, by assuming the axiom
of Propositional Extensionality). This paper asks the fundamental question:

Does the relational model of parametric polymorphism extend from proof-
irrelevant relations to proof-relevant relations?

At first sight, one might hope for a straightforward answer. Many properties in the
proof-irrelevant world have clear analogues as proof-relevant constructions. Indeed,
as we shall see, this approach gives a satisfactory treatment of the function space.
However, universally quantified types pose a much more significant challenge; it
is insufficient to simply take the uniformity condition inherent within a proof-
irrelevant parametric polymorphic function and replace it with a function acting
on proofs; this causes the Identity Extension Lemma to fail. Instead, to prove this
lemma in a proof-relevant setting, we need to strengthen the uniformity condition
on parametric polymorphic functions by requiring it to itself be parametric.

Proof-relevant parametricity thus entails adding a second layer of parametricity
to ensure that the proofs that functions are parametric are themselves para-
metric. This takes us into the world of 2-dimensional parametricity where type
constructors now act upon sets, relations and 2-relations. But, there are actually
surprisingly many choices as to what a 2-relation is! Further, at higher dimensions,
there are a number of potential equality relations and it is not a priori clear which
of these need to be preserved and which do not. Relations are naturally organised
in a cubical or simplicial manner, and so this will not surprise those familiar with
simplicial and cubical methods, where there is an analogous choice of which face
maps and degeneracies to consider. For example, do connections [Brown et al.
2011] have a role to play in proof-relevant parametricity? These questions are not
at all obvious — we went down many false routes before finding the right answer.

The paper is structured as follows: in Section [2] we introduce the preliminaries
we need, while Sections 3| and |4| introduce proof-relevant relations and 2-relations.
Section [5| constructs a 2-dimensional model of System F, and proves it correct by
establishing 2-dimensional analogues of the Identity Extension Lemma and the
Abstraction Theorem. We present a proof-of-concept application in Section [G]
where we generalise the usual proof that parametricity implies naturality to the
2-dimensional setting. Section [7] concludes, with plans for future work including
higher-dimensional logical relations, and the relationship with the cubical sets
model of HoTT.

2 Impredicative Type Theory and the Identity Type

In order to make proof-relevant relations precise, we work in the constructive
framework of impredicative Martin-Lof Type Theory [Coquand and Huet], 1988}
Martin-Lof, [1972]. Impredicativity allows us to quantify over all types of sort



Type in order to construct a new object of sort TypeE| Following |Atkey| [2012], we
will use impredicative quantification in the meta-theory to interpret impredicative
quantification in the object theory. This simplifies the presentation, and allows
us to focus on the proof-relevant aspects of the logical relations.

Apart from impredicativity, the type theory we employ is standard; we make use of
dependent function types (IIx : A)B(z) and dependent pair types (Xz : A)B(z)
with the usual introduction and elimination rules. We write A — B for (ITxz : A)B
and A x B for (Xz : A)B when B does not depend on z : A. Crucial for our
development will be Martin-Lof’s identity type, given by the following rules:

A : Type a,b: A a: A
Ida(a,d) : Type refl(a) : 1d4(a, a)

C:(ITx,y: A)(Ida(x,y) — Type) d:(z: A)C(z,z,refl(z))
J(C,d) = (I, y » A)(Ip : 1da(z, y))C(2,y,p)

In the language of the HoTT book [The Univalent Foundations Program, [2013],
the elimination rule J is called path induction. We stress that we are not assuming
Uniqueness of Identity Proofs, as that would in effect result in proof-irrelevance
once again. In this paper, we will however restrict attention to types where
identity proofs of identity proofs are unique, i.e. to types A where Idig , (2., (P, 9)
is trivial. |Garner| [2009] has investigated the semantics of Type Theory where all
types are of this form. For our purposes, it is enough to work with a subuniverse
of such types. To make this precise, define

isProp(A) == (IIz,y : A)lda(z,y) Prop := (XX : Type)(isProp(X))
isSet(A) .= (IIx,y : A)isProp(lda(z,y)) Set := (XX : Type)(isSet(X))
is-1-Type(A) == (ITx,y : A)isSet(lda(z,y))  1-Type := (XX : Type)(is-1-Type(X))

Here Prop is the subuniverse of propositions, i.e. types with at most one inhabitant
up to identity, while Set is the subuniverse of sets, i.e. types whose identity types
in turn are propositional. Finally, we are interested in the subuniverse 1-Type of
1-types, i.e. types whose identity types are sets. Subuniverses of an impredicative
universe are also impredicative. Furthermore, all three of Prop, Set and 1-Type
are closed under I7- and X-types. The witness that a type is in a subuniverse
is itself a proposition, and so we will abuse notation and leave it implicit — if
there is a proof, it is unique up to identity.

We denote by a =4 b the existence of a proof p : Id4(a,b). We often leave out the
subscript if it can be inferred from context. A function f : A — B is said to be an
equivalence if it has a left and a right inverse, and if there exists an equivalence
A — B, we write A 2 B. If P : A — Prop, then we write {z : A|P(x)}
for (¥x : A)P(z). Since P(z) is a proposition for each x : A, we have that

1 In Coq, this feature can be turned on by means of the command line option
-impredicative-set.



Id¢z:a| P2} ((a,p), (b,q)) = Ida(a,b). For this reason, we will often leave the
proof p : P(a) implicit when talking about an element (a,p) of {z : A| P(x)}.
We also suggestively write a € P for P(a). The identity type has a rich structure.
In order to introduce notation, we list some basic facts here, and refer to the
HoTT book [The Univalent Foundations Program) [2013| for more information.
Lemma 1 (Structure on Id4(a,b)).

(i) For any p :1da(a,b) there is p=* : 1da(b, a).

(ii) For any p :1da(a,b) and q : 1da (b, c) there is p+q : 1da(a,c), and refl(a), — 1
and — » — satisfy the laws of a (higher) groupoid.

(iii) All functions f : A — B are functorial in |da, i.e. there is a term ap(f) :

ld4(a,b) = ld(f(a), f(b)).

(iv) All type families respect Id4, i.e. there is a function

tr: (P: A— Type) — lda(a,b) = P(a) — P(b) . O
We frequently use the following characterisation of equality in X-types:

Lemma 2. ld(Zr:A)B(z)((mvy)a (x/ay/)) = (Ep IdA(xvxl))ldB(z/)(tr(Bapv y)vyl)

For function types, the corresponding statement is not provable, so we rely on
the following axiom:

Axiom 3 (Function extensionality). The function

happ'Y : Id(Uz:A)B(m)(fvg) - (Hl‘ : A)IdB(m)(f(x)’g(m))

defined using J in the obvious way is an equivalence. In particular, we have an
inverse

ext: (ITz : A)ldp(q)(f(2),9(2)) = d(me:4)B(2)(f5 9)

This axiom is justified by models of impredicative Type Theory in intuitionistic
set theory. It also follows from Voevodsky’s Univalence Axiom [Voevodsky, 2010],
which we do not assume in this paper. We will use function extensionality in

order to derive the Identity Extension Lemma for arrow types, as in e.g. [Wadler
[2007].

3 Proof-relevant relations

We now define proof-relevant relations:



Definition 4. The collection of proof-relevant relations is denoted Rel and con-
sists of triples (A, B, R), where A, B : 1-Type and R: A x B — Set. The 1—type
of morphisms from (A, B, R) to (A’, B’ R') is

(Xf:A— A"(Xg:B— B)(IIx: A,y : B)R(a,b) — R'(fa, gb)

In the rest of this paper we take relation to mean proof-relevant relation. The
above definition means morphisms between relations have a proof-relevant equality
and, thus, showing morphisms are equal involves constructing explicit proofs to
that effect. Indeed, the equality of morphisms is given by

ld((f,g,p), (f',g',0") = (X¢: Wd(f, ), :1d(g,9")) ld(tr(¢,¥)p, p")

However, since R : A x B — Set has codomain Set, while A and B are 1-types,
the complexity of R compared to A and B has decreased. This means relations
between proof-relevant relations are in fact proof-irrelevant (see Section .

Given a relation (A, B, R), we often denote A by Ry and B by R;, write R :
Rel(Rg, R1), or R: Ry <+ Ry, and call R a relation between A and B. Similarly,
given a morphism (f,g,p), we denote f by po, g by p1 and write p : (Ry —
R1)(po,p1)- If R : Rel(Rg, Ry) and P : Rel(Py, P1), then we have 1 : Rel(1,1),
P x R:Rel(Pyx Ry, P, x R) and R = P : Rel(Ry — Py, Ri — P;) defined by

1(z,y) = 1
(Rx P)((z,y),(«",y")) = R(z,2") x P(y,y)
(R=P)(f,9) = [x:Ro,y:)(R(z,y) = P(fx,gy))

Interpreting abstraction and application requires the following functions:

Lemma 5. Let R : Rel(A,B), R : Rel(A’,B’), and R" : Rel(A”,B"). There
is an equivalance abs : (R x R — R") — (R — (R’ = R")) with inverse
app: (R— (R = R")) - (Rx R — R"). 0

We will also make use of the equality relation Eq(A) for each 1-type A:

Definition 6. Fquality Eq : 1-Type — Rel is defined by Eq(A) = (4, A,ld4) on
objects and Eq(f) = (f, f,ap(f)) on morphisms.

Proposition 7. Eq is full and faithful in that (EqX — EqY) =2 X — Y.

Proof. By function extensionality and contractability of singletons, we have

(EqX - EqY)=(Xf: X - Y)(Yg: X = Y)ITzx)ldx (z,2") — ldy (fz,gz")
XX X->Y)(Yg: X > YV)dxov(f,9)
=X X-Y)1=2X Y . O



Similarly, the exponential of equality relations is an equality relation. Here, we
abuse notation and use the same symbol for equivalence of types and isomorphisms
of relations:

Proposition 8. For all X,Y : 1-Type, we have (EqX = EqY) 2 Eq(X — Y).

Proof. By extensionality it is enough to show
((ITz, 2" : X)ld(z,2") = d(fx,g2") & ([Hz : X)d(fz, gz)

for every f,g: X — Y. Functions can easily be constructed in both directions
and proved inverse using extensionality and path induction. O

4 Relations between relations

Intuitively, 2-relations should relate proofs of relatedness in proof-relevant re-
lations. Although conceptually simple, formalising 2-relations is non-trivial as
various choices arise. For instance, if R and R’ are proof-relevant relations, one
may consider 2-relations between them as being given by functions

Q:(ITa: Ry,a’ : Ry,b: Ry,b : RY) (R(a,b) x R'(a’,')) — Prop

with the intuition of (p,p’) € Q(a, d’,b,b’) being that @ relates the proof p to the
proof p’. However, the natural arrow type of such 2-relations does not preserve
equality. The problem is that, while a is related to b, and a’ is related to ¥,
there is no relationship between a and a’ and b and ¥'. Thus, we were led to
the following definition which seems to originate with Grandis (see e.g. |Grandis
[2009]):

Definition 9. A 2-relation consists of the following 1-types and proof-relevant

relations between them

Qr
Qoo = Q1o

Q()ri 1Q17‘

Qo1 o Q11

together with a predicate

Q: (ITa: Qoo,b: Qro,c: Qor,d: Q11)
Qro(a,b) X QQT(G,C) X er(c, d) X er(b7 d) — Prop

A morphism of 2-relations consists of 4 functions between each corresponding
node, 4 maps of relations such that each is over the appropriate pair of morphisms
of 1-types, and a predicate stating that proofs related in one 2-relation are mapped
to proofs which are related in the other 2-relation.



Thus a 2-relation is a 9-tuple and, even worse, a morphism of 2-relations is a 27-
tuple! This combinatorial complexity is enough to scupper any noble mathematical
intentions. We therefore develop a more abstract treatment beginning with the
indices in a 2-relation. This extends the notion of reflexive graphs [Robinson
and Rosolini, [1994; |(O’Hearn and Tennent|, [1995; Dunphy and Reddy} 2004] to a
second level of 2-relations; this notion, in turn, is just the first few levels of the
notion of a cubical set [Brown and Higgins, [1981].

Definition 10. Let Iy be the type with elements {00,01,10,11} of indices for
1-types, and I the type with elements {Or,r0, 1r,r1} of indices for proof-relevant
relations. Define the source and target function Q : I; x Bool — Iy where w@j
replaces the occurrence of r in w by i. We write wQi as wi.

Ip-types: Next we develop algebra for the types contained in 2-relations.

Definition 11. An Iy-type is a function X : Iy — 1-Type. To increase legibility
we write X, for Xw. The collection of maps between two Iy-types is defined by

X -5 X'={Tw: 1)) X, — X,
We define the following operations on Iy-types:

1:=)\wl
X x X' = w. X, x X/,
X = X = Xy = X,

If X is an Iy-type, define its elements EIX = (ITw : Iy)X,,. The natural extension
of this action to morphisms f: X — X' is denoted El f : EIX — EIX’.

Note that elements deserve that name as EIX = 1 — X. The construction of
elements preserves structure as the following lemma shows:

Lemma 12. Let X and X' be Iy-types. Then

El1~1
EI(X x X') 2 EIX x EIX’
E(X = X') = (ITw : 1)) X, — X,

Finally, we show how to interpret abstraction and application over Iy-types:
Lemma 13. Let X, X’ and X" be Iy-types. The function
abs = Aw. A\f. Az 2. f(z,2) : (X x X' - X") = (X - (X' = X))

is an equivalence with inverse app = Aw. Af. My. f (moy) (m1y)- O



I;-Relations: Next we develop algebra for the relations contained in 2-relations.

Definition 14. An I;-relation is a pair (X, R) of an Iy-type X and a function
R: ([Hw: I)Rel(Xuyo, Xw1). The collection of maps between two I -relations is
defined by

(X,R) = (X',R)=(Yf: X - X"Y(ITw : I)(Ry — R,)(fwo, fu1)
We define the following operations on I -relations:

1:=(1, \w.1)
(X,R) x (X', R') == (X % X', \w.Ry X R..)
(X,R)= (X',R') = (X = X', \w.R, = R))

If (X, R) is an I-relation, define its elements
E(X,R) = (Yz: EIX)(ITw: I1) Ry (Two, Tw1)

The natural extension of El to morphisms (f,g) : (X, R) — (X', R') is denoted
El(f,g) : EI(X,R) — EI(X", R').

Note that elements deserve that name as EI(X, R) =1 — (X, R). The construc-
tion of elements preserves structure as the following lemma shows:

Lemma 15. Let (X, R) and (X', R’) be I;-relations. Then
Ell

EI(X,R) x (X", R))
EI((X, R) = (X', "))

Il

1
~ EI(X, R) x EI(X", R)
= (Xf:ENX = X")(ITw : I,)(Ry = R.)(fwos fuw1)

Finally, we show how to interpret abstraction and application over Iy-types:

Lemma 16. Let (X, R), (X', R’) and (X", R") be I -relations. There is an equiv-
alence abs : (X, R)x (X',R') = (X",R")) —» ((X,R) = (X', R') = (X", R")))
with inverse

app : (X, R) = (X', R) = (X", R"))) = (X, R) x (X', ') = (X", R"))

Proof. The proof is similar to the proof of Lemma [5| but rests crucially on the
fact that R = P : ReI(RO — Po,Rl — Pl). O

2-Relations: Finally, we develop the same algebra for 2-relations.



Definition 17. An 2-relation is a pair consisting of an I -relation (X, R) and a
function @ : EI(X, R) — Prop. The collection of maps between two 2-relations is
defined by

(X,R),Q) = (X", R),Q") = (2(f,9) : (X,R) = (X', R))
(II(z,p) : E(X, R))p € Q(z) = (El g p) € Q'(El f )
We define the following operations on 2-relations

1
(X, R),Q) x (X", R), Q)

(1,A.1)
(X,R) x (X", R'),
Mz, Y)AMp, q)p € Qz) Ng € Q'(y))
(X.R),Q) = (X".R),Q) = ((X,R) = (X", R),
([, 9).(I(z,p) : E(X, R))p € Q(z) = (El g p) € Q'(El f x))

Lemma 18. Let ((X,R),Q),((X',R"),Q") and (X", R"),Q") be 2-relations.
There is an equivalence
abs: (X, R),Q) x (X", R'),Q") — (X", R"),Q")) =
(X, R),Q) = (X", R),Q) = (X", R"),Q")))

with inverse app.

Proof. Note that if X, X’ and X" are Iy-types, and if f : X x X' — X" and
absf: X — (X' = X"), then for any = : EIX, 2’ : EIX’, and w : I

(Elf) (x,2") w = (El (absf) z w)(z" w)

Similar results hold for app and for the analogous lemmas for I-sets. This,
together with Lemma [16] extensionality and direct calculation gives the result.
O

As in cubical and simplicial settings, there is more than one “degenerate” relation
in higher dimensional relations. For example, we can duplicate a relation vertically
or horizontally giving two functors Eq), Eq_: Rel — 2Rel sending a relation R to
the 2-relation indexed, repectively, by

Eq(Ro)
31 Eq)(R) 13 Eq(Ro)1 Eqa_(R) iEq(Ru)
15 B Ry <—= Ry

where (p,q,p’,q") € Eq(R)(a,b,c,d) if and only if tr(p,p')g =r@.a) ¢, while
(p,q,9',q") € Ea_(R)(a, b, c,d) if and only if tr(q,q')p =pg(c,a) P'- Note that both
the compositions Eq) o Eq and Eq_ o Eq define the same functor which we denote



Eq,. Another degeneracy, called a connection |[Brown et al., [2011], is defined by
a functor C: Rel — 2Rel which maps a relation R to the 2-relation indexed by

Eq(R
Ry 25 R,

EQ(R0)1 CR iR
Ry <T> Ry
and with (p,q,p’,q') € C(R)(a,b,c,d) if and only if tr(¢g~t«p)p’ =R(b,a) ¢ (there

is of course also a symmetric version which swaps the role of Eq(Ry) and R, but
we will not make us of this in the current paper). Again C o Eq gives Eqs.

Proposition 19. The functor Eq is full and faithful.
Proof. Similar to the proof of Proposition [7] ad

Again, we can prove that exponentiation preserves all the degeneracies and the
connection:

Proposition 20. For all R, R’ : Rel, we have
(i) an equivalence Eq R = Eq”R’ = EqH(R — R

(i) an equivalence Eq_R = Eq_R' 2 Eq_(R — R')
(i) an equivalence CR = CR' 2 C(R — R/). O

5 Proof-relevant two-dimensional parametricity

We now have the structure needed to define a 2-dimensional, proof-relevant model
of System F. We recall the rules of System F in Fig. [I} Each type judgement
I' =T type, with |I'| = n, will be interpreted in the semantics as

[TTo : [1-Type[" — 1-Type
[T]: : [Rel|™ — Rel
[T]2 : |2Rel|* — 2Rel

by induction on type judgements with [T]; over [T]o % [T]o, and [T]2 over
[T]1 % [T]1 x [T]1 x [T]1. This is similar to our previous work on bifibrational
functorial models of (proof-irrelevant) parametricity [Ghani et al.l [2015alb|, but
with an additional 2-relational level.



Type formation rules:

(X er) '+ A type I'+ B type I X F A type
I'+ X type I'+- A — B type I'FVX.A type

Term typing rules:

r'’Ajz: A-t:B TI';AFs:A— B ARt A

(@:A€d) T AT i ASB T AFst:B

Az A

INX;AFt: A X & FV(A ARt VXA I'; A B type
F;A}—AX.t:VX‘A( ¢ (4)) I's A+ t[B] : A[X — B]

Judgemental equality:

tA¢ A
I'AF Az t)ju=tlz—u]: B F;Al—tz)\a:.tx:A—>B(x £4)

[ AR (AX4)[B]=t[X — Bl : AIX — B] TI;Abt=AX4X]:VX.A (X&)

Fig. 1: Typing rules for System F

5.1 Interpretation of types

The full interpretation can be found in Fig. [2} For type variables and arrow types,
we just use projections and exponentials at each level. Elements of [VX.T]oA
consist of an ad-hoc polymorphic function fy, a proof fi; that fy is suitably
uniform, and finally a (unique) proof that also the proof f; is parametric.
Similarly, elements of ([VX.T];R)(f,g) are proofs ¢ that are suitably parametric
in relation to f and g, both with respect to equalities (conditions and
and connections (condition [A1.3]). We have not included uniformity also with
respect to the “symmetric” connection since it is not needed for our applications,
and we wish to keep the logical relation minimal.

Using Lemma [2| and function extensionality, we can characterise equality in the
interpretation of V-types in the following way (note that Id([VX.TﬂzQ)f(¢’ ) is

trivial by assumption, since ([VX.T]2Q) fisa proposition):
Lemma 21. For all f,g: [VX.T]oA,

ldpyx.ry,4(f:9) = {7 (ITA: 1-Type)ldyry,a,a)(foA; goA) |
(VR :Rel) (fiR,7Ro,q1R,TRy) €
Eq_([T11(Ea(A), R))(foRo, foR1, goRo, goR1)}

This can be used to prove a generalised version of the Identity Extension Lemma:



IVX.TJoA = { fo: (ITA : 1-Type)[T]o (A4, A),
fr: (IR : ReD)[T](Eq(A), R)(foRo, foR1) |
(VQ: 2Rel) (f1Qro, f1Qor, 1Qr1, [1Q1r) €
[T]2(Eq,(A), Q)(foQoo, foQ10, foQot, foQ11)}  (AO)

(IVX.T]i R)((fo, f1), (90,91)) = { ¢ : (IIR : Rel)[TT1(R, R)(foRo,goR1) |
(VQ: 2Rel)
((f1Qro, #Qor, 91Qr1, dQ1r) €

[T]2(Eq; (R), Q)(foQoo, foR10,g0Qo1, goQ11)
(AL1)
A (9Qro, f1Qor, PQr1, g1Q1r) €

[T]2(Ea—(R), Q)(foQuo, foQ10, goQo1, goQ11)
(A1.2)

A (leTOa leO'M ¢Q7‘17 Qler) S

[T]2(CR, Q)(foQoo, foQ10, foQo1, goQ11))}
(A1.3)

(¢07¢17¢27¢3) € ([[VXTHQQ)(fvgahal) iff
(VQ: 2Rel) (¢oQro, 91Qor, 92Qr1, 93Q1r) €
[T]2(Q, Q)(foQoo, g0Q10, hoQo1, loQ11)

Fig. 2: Interpretation of types

Theorem 22 (IEL). For every type judgement I' - T type, we have

(1) an equivalence O : [T]1 o Eq = Eqo [T]o,

(ii) an equivalence O : [T]2 o Eq = Eq) o [1]1 over O,
(#11) an equivalence O — : [T]2 0 Eq_ = Eq_ o [T]1 over Ory, and

(iv) an equivalence Op.c : [T]a 0 C = Co [T]1 over Orp. O
Proof. We prove for V-types, since it is useful in order to understand the
logical relations in Fig. [2l We refer to the appendix for the rest of the proof.

We define maps

Ovx.ro : [VX.TT1Eq(A)(f,9) = Eq([VX.TToA)(f, )
Oyx 1o EA([VX.T]oA)(f.g) — [VX.TTEq(A)(f,g)



for all f, g and show that they are inverses — this does not come for free,
as in the proof-irrelevant setting, but will be considerably easier since we are
considering 1-types only, and not arbitrary types. We first define Oyx 1,0(p) ==
©(A(A:1-Type). pEq(A)), where ¢ is part of the equivalence given by Lemma
The condition from Lemma [21]is satisfied by together with the induction
hypothesis.

For @V_)l{.TD? we define @;§‘T70(7’) = AR: Rel. tr(f1Eq(Rp), 7R1) fiR. We need to

check that conditions (Al.1), (A1.2) and (Al.3) are satisfied — we verify (A1.1))
in detail here, (A1.2) and (A1.3]) follow analogously. Let @ : 2Rel. By (A0)), we

have

(f1Qro, f1Qor, [1Qr1, [1Q1r) € [T]2(Eas(A), Q)(foQoo, foQ10, foQo1, foQ11)

while we want to prove

(f1Qro, tr(f1Eq(Qo0), 7Q01) f1Qor, 91Qr1, tr(f1Eq(Q10), TQ11) f1Q1r)

€ [T]2(Eq;(Ea(A)), Q)(foQoo, foQ10, g0Qo1, g0Q11) -

Since Eq)(Eq(A)) = Eq,(A), we only need to prove
Pt (foQoo, foQ10, foQo1, foQ11) = (foQoo, foQ10: 90Qo1, goQ11)

and

q : tr(p)([1Qro, [1Q0r, [1Qr1, 1Q1r) =
(f1Qro, tr(f1Eq(Qoo0), 7Q01) f1Qor, 91Qr1, tr(f1Eq(Q10), TQ11) f1Q1r)

and transport along pair_(p, ¢). We use p = pair_(f1Eq(Qoo), /1Eq(Q10), 7Qo1, 7Q11)

and ¢ given by conditions (Al1.1)), (A1.3), (AOQ) for fi and the condition from
Lemma 211

We now check that Oyx 1, © Qv_)l(‘T,o = id and Qv_)l(‘T,o 0 Ovx.1,0 = id. One way
round

Oux.1.0(O7x.7,0(T))(A) = tr(fiEq(A), 7A) fiEq(A) = (fiEq(A)) "+ fiEq(A)TA =74

by Lemma as required. By definition we have @;)%'T’O(@VX,T,O(p))(R) =
tr(f1Eq(A), pEq(B)) f1R. Condition implies that

(f1Ea(A), pR, pEq(B), fiR) € [T]2(C(Eq(A)), Eq(R))(foA, foA, foB, f5)

and since C(Eq(A)) = EqH(Eq([l)), by the induction hypothesis (f1Eq(A), pR,
pEa(B), f1 ) are related in Eq)[T]>(Eq(A), R), i.c. tr(fiEq(A), pEa(B))f1 R =
p(R) as required. O

The proof critically uses of the uniformity condition (A1.3)) for connections. In
the interpretation of V-types in Fig. 2} and in the proof of Theorem [22] we made



some seemingly arbitrary choices: we choose to only be uniform with respect to
one connection, and we used the given fi, not the given gy, in order to construct
the isomorphism 6 )1(_T70. The following lemma shows that these choices are
actually irrelevant:

Lemma 23. For every type judgement I, X = T type and (fo, f1) € [[VX.T]]Off,

-,

¢ € [VX.T]1(EqA)(f,g), we have:
(i) For every relation R, tr(f1EqRo, pEqR1)f1R = ¢R.

(i) For every relation R,

tr(f1EqRo, ¢EqR) f1 R = tr((9EqRo) ™", (g1EaR1) " gr B.
(#ii) For every 2-relation Q,

(6Qr0; $Qor> 91Qr1, 11 Q1r) € [TT2(CoEqA, Q)(foQo0, 90Q10, 90Qo1, 90 Q11)-

O

Here, item [(i)|is a technical lemma, while item |(ii)| says that one can equally well
use g1 as fi in the proof of Theorem Finally item shows that in certain
cases, the interpretation of terms of V-type are uniform also with respect to the
other connection which is not explicitly mentioned in the logical relation for V.

5.2 Interpretation of terms

We next show how to interpret terms. A term I'; A+t : T, with |I'| = n, will be
given a “standard” interpretation

[tToA : [AJoA — [TToA |
for every A 1-Type”, a relational interpretation
([tJo Ro, [0 Ry, [th ) : [AlL R — [T R
for every R: Rel™, and finally a 2-relational interpretation
(([1o@=, [th@-). [t12Q) : [A]@ — [T].0

for every @ : 2Rel”, where we have written e.g. [[t]]oé, for the map of Iy-types
with components ([tJoQ-)w = [t]oQw : [A]oQw — [T]oQw and similarly for
ﬂtﬂlé_. At each level, A =z : T1,..., 2., : T), is interpreted as the product

[[J,‘l ZTl,...,.’EmZTmﬂi:[[Tl]]i X ... X [[Tm]]z .



[[xo:To,...,xn:Tnl—xk:Tk]]i)?::m@ [Ayz:SEt:Tli=[AFt:T]iomo

[AFXz.t:S— T]]og(w) =Xs.[A,z: Skt T}]O/Y(fy, s)
[AF Xx.t: S — T]]lﬁ(ﬁ) = AS0. As1. As. [A,x: St T]]lﬁ(('yo, 50), (71, 81), (7, 8))
HA FAz.t: S — THQQ'((Tyﬁ)?W) = )‘((xvp)a’Y)' [IA,‘I' tSEt: T]]QQ"((fv .ZE), (ﬁ,p))(ﬁ, 7)

[f thoA(y) = [fIoA(y) ([l A(%))
[f thiR(v0,71,7) = [f11 E(70, 71,7, [tloRo(70), [tlo R (71), [t] B (Y0, 71, 7))
[[f t]]2Q_‘((f7 ﬁ),ﬁ) = [[f}]QQ‘((E,ﬁ)777 Htﬂoég(f), [[t]]léj(ﬁL HtHQQ((Ef ﬁ)vﬁ))

[AX.tJoA(y) = (AA. [A, X; At : T]o(A, A)vy, AR. [t]1(Eq(A), R)O A o(refl(y)))

[AX.t]1 R(70,71,7) = AR. ([t]1 (R, R))(70,71,7)
[AF AX.t:VX.TQ((7,7),7) = AQ. [t]2(, Q)((Z,p),7)

[AF ¢S] : T[S — X]JoA() = fst([t]oA(7))([SToA)
[t[ST]1 (70, 71,7) = tr(Or.0(snd([t]o Rovo)Eq([STo Ro))) " ([t]:1 R(v0, 71, %) ([S]L E))

Fig. 3: Interpretation of terms

The full interpretation is given in Fig. [3] Variables, term abstraction and term
application are again given by projections and the exponential structure at each
level. For type abstraction and type application, we use the same concepts at
the meta-level, but we also have to prove that the resulting term satisfies the
uniformity conditions , (AL.1)), (A1.2) and (A1.3). In addition, we have to
put in a twist for the relational interpretation in order to validate the 8- and
n-rules.

Lemma 24. The interpretation in Fig.[3 is well-defined.

Proof. The interpretation of I'; A F AX.t : VX.T is type-correct, since A is
weakened with respect to X in I, X; A F ¢ : T. The uniformity conditions (A0)),
O

(A1.1), (A1.2) and (A1.3)) can all be proven using [t]s.

Theorem 25. The interpretation defined in Fig.[3is sound, i.e. if ;A s=1:

T, then there is pz : Idgry, a([s]o, [t]o) and qg : \dj7y, g(tr(pg, ) ([s]1), [t]1). (We
automatically have tr(p, q)[s]2 = [t]2 by proof-irrelevance of 2-relations.) O

This model reveals hidden uniformity not only in the “standard” interpretation
of terms as functions, but also in the canonical proofs of this uniformity via




the Reynolds relational interpretation of terms. In more detail: consider a term
' Akt T with |F| = n. By construction, our model shows that if R : Rel”, a
[[A]]()Ro,b [[AﬂoRl andp [[A]] R(a b) then [[t]]lRp [[Tﬂ R([[t]]oRo a, [[t]]oRl )
i.e. [t]iR p is a proof that [t]oRo a and [t]oR; b are related at [T, R. This
is a proof-relevant version of Reynolds’ Abbtraction Theorem. Furthermore, if
Q : 2Re|", (a, b, C, d) : [A]]OQOO X [[AﬂleO X [[A]]()Q(n X [[A]]OQll and (p, q,r, S) S
[A]2G(a, b, ¢, d), then

([[t]]léro D, [[tﬂlém q, [[t]]lérl T, [[tﬂlélr s5) €
[T12G([t10 Qoo @, [t]0@10 b, [t]0@1o ¢, [t]o@11 d)

This is the Abstraction Theorem “one level up” for the proofs [¢];, which we will
put to use in the next section.

6 Theorems about Proofs for Free

In Phil Wadler’s famous ‘Theorems for free!” [Wadler, 1989, the fact that para-
metric transformations are always natural in the categorical sense is shown to
have many useful and fascinating consequences. Among other things, it is shown
that

[A] =2 [VX.(A = X) = X]

for all types A — the categorically inclined reader will recognise this as an
instance of the Yoneda Lemma (see e.g. Mac Lane| [1998]) for the identity functor,
if only we dared to consider the right hand side of the equation to consist
of natural transformations only. And indeed, as Wadler shows (and Reynolds
already knew [1983]), all System F terms [¢] : [VX.(A — X) — X] are natural by
parametricity. Hence, in proof-irrelevant parametric models of System F, indeed
[A] = [VX.(A = X) — X].

In a more expressive theory such as (impredicative) Martin-Lof Type Theory with
proof-irrelevant identity types and function extensionality, we can go further even
without a relational interpretation, as pointed out by Steve Awodey (personal
communication). Taking inspiration from the Yoneda Lemma once again, we can
show

A (Xt: (IIX :Set)(A — X) — X)isNat(¢) (1)

where
isNat(¢) .= (ITX,Y : Set)({If : X — Y)Id(A%X)HY(f otx,ty o(fo.))

expresses that ¢ is a natural transformation (note that we need the identity type
in order to state this). If we start with the interpretation of a System F term
in a proof-irrelevant model of parametricity, we can automatically derive this
naturality proof using Wadler’s argument.



The above isomorphism relied on A being a set, i.e. that A has no non-trivial
higher structure. If we instead consider A : 1-Type, the isomorphism fails;
instead we have

A (Xt: (IIX :Set)(A— X) = X)(Xp :isNat(t)) isCoh(p) (2)
where

isCoh(p) = (IX,Y,Z : 1-Type)lIf: X =Y )(IIg:Y — Z)
(PXZ(gef) = @Y Zg)*x(pXYf)

expresses that the proof p is suitably coherent. Here (pY Z g) * (p XY f) is the
operation that pastes the two proofs p XY f and pY Z g of diagrams commuting
into a proof that the composite diagram commutes. Proof-irrelevant parametricity
can not ensure this coherence condition, but as we will see, an extension of the
usual naturality argument to proof-relevant parametricity will guarantee this
extra uniformity of the proof as well.

6.1 Graph relations and graph 2-relations

Relations representing graphs of functions are key to many applications of
parametricity.

Definition 26. Let f : A — B in 1-Type. We define the graph (f) of f as (f) ==
(A, B, Aa. Ab.ldg(fa,b)) : Rel. This extends to an action on commuting squares:
ifg:A—=B,a:A—=A,B:B— B andp: Iz : A)ldp (g9(a(a)),B(f(a))),
then we define (o, B) = (a, B, Aa. \b. A\(r: fa =b).p(a) ~ap(B)(r)) : {f) = (g).

Abstractly, we see that (f) is obtained from Eq(B) by “reindexing” along (f,id)
and there is a morphism (f,id) : {(f) — Eq(B); in particular, we recover Eq(B)
as (idg). Just like Eq is full and faithful, so is (—) : 1-Type™ — Rel:

Lemma 27. Forall f:A— B, g: A = B,

()= ()2 (Xa: A= A)XB:B— B)da_.p(goa,Bof) .

a

The main tool for deriving consequences of parametricity is the Graph Lemma,
which relates the graph of the action of a functor on a morphism with its relational
action on the graph of the morphism.

Theorem 28. Let Fy : 1-Type — 1-Type and F} : Rel — Rel over Fy be func-
torial. If Fy(Eq(A)) = Eq(FyA) for all A, then for any f : A — B, there are
morphisms (id,id, ¢p ¢) : (Fof) = Fi(f) and (id,id, ¥p ) : Fi(f) = (Fof). O



Note that in our proof-relevant setting, this theorem does mot construct an
equivalence (Fyf) = Fy(f). Instead, we only have a logical equivalence, i.e. maps
in both directions, and that seems to be enough for all known consequences of
parametricity. (In a proof-irrelevant setting, the constructed logical equivalence
would automatically be an equivalence.)

Next, we consider also graph 2-relations. Since we have multiple “equality 2-
relations”, one could expect also multiple graph 2-relations, but for the application
we have in mind, one suffices. Given functions f, g, I and h, we write O(f, g,1, h)
for the 1-type of proofs that the square

A B
1)
c D

commutes, i.e. O(f, g,1,h) = (ITx : A)ldp(g(fz),l(hx)). We define the 1-type of

commuting squares by

f

—_—

l

(1-Type )7 =(Yf: A— B)(XYg9: B— D)(X1:C — D)(Xh: A— C)O(f,g,l,h)

A morphism (f,g,1,h,p) — (f',¢',I',h,p") in (1-Type™ )™ consists of four mor-
phismsa: A+ A", 8: B— B, v:C — C"and 6 : D — D’, and four proofs
¢: 0 1,7, ), ¢’ : OB, f,8,g), 7 : Oy, 1',8,1) and 1* : O, £/, B, f) such that
they form a “commuting cube”

i.e. such that pxg*xr = p' ¢ xr’, where pxg*r and p’ x ¢’ xr’ are pastings
of the squares that proves that both ways from one corner of the cube to the
opposite one commutes. The 2-graph (_)s : (1-Type ™)™ — 2Rel is defined by

(19,0, 1, p)2 = ((f), (9), (), (1), A(a, b, ¢, d). \(q, 7, 5,t). w(a)-ap(g)pq = ap(l)s)

It also has an action on morphisms, which we omit here. The 2-relation says
that the two ways to prove h(l(a)) = d using p, q, r, s, t are in fact equal.
Again, more abstractly, this is a “reindexing” of Eq((g)) along the morphism

((f: 1), (fid), id gy ), {1, id)) = ((R), (f),{(9). (1) = ({9),Ea(B), (g),Ea(D)) in Rel".



Lemma 29. (—)2 is full and faithful in the sense that

(<fvg7h7l7p>2 —2Rel <f/7glvhlvl/ap/>2) = (fmg?hvl,p) _>(1—Typeﬂ)” (f/aglahlal/7p/)
O

This lemma can be used to prove a 2-relational version of the Graph Lemma:

Theorem 30 (2-relational Graph Lemma). Let F5 : 2Rel — 2Rel be func-
torial, and over (Fy, F\) where Fy and Fy are as in Theorem [28 If F>(EqR) =
Eq(F1R) for all R, then for any (f, g, h,1,p) in (1-Type™ )™, there are morphisms
¢)2 : <F0f7 F()gv FOh»FOl,ap(FO)p>2 — F2<fvg, hv l,p>2 and 71112 : F2<fvgv hv lvp>2 —
(Fof, Fog, Foh, Fol,ap(Fo)p) in 2Rel over (¢, ¢) and (¢, ) from Theorem. ad

6.2 Coherent proofs of naturality

Let us now apply the tools we have developed to the question of the coherence
of the naturality proofs from parametricity. We first recall the standard theorem
that holds also with proof-irrelevant parametricity:

Theorem 31 (Parametric terms are natural). Let F'(X) and G(X) be func-
torial type expressions in the free type variable X in some type context I'. Every
term I'; — F ¢ : VX.F(X) — G(X) gives rise to a natural transformation [F]o —
[Glo, i-e. if f : A — B then there is nat(f) : Id([G]o(f) o [t]o A, [t]o Bo[Fo(f)).

Proof. We construct nat(f) using the relational interpretation of ¢: By construc-
tion, [t]1 (f) : [F11({f)) = [Gl1({f)), hence using Theorem [2§|

Ya,f o [t (f) o dry : (Hay) ([Flof)(2,y) = ([Glof) ([t]o A, [t]o By)
and since refl : ([Fof)(a, ([F]of)a) for each a : [F]oA, we can define nat(f) =
ext(Aa. (Y, r © [t]1 (f) 0 drf) a ([Flof)a) refl). O

In order for ([t]o, nat) to lie in the image of the isomorphism , we also need the
naturality proofs to be coherent. But thanks to the 2-relational interpretation,
we can show that they are:

Theorem 32 (Naturality proofs are coherent). Let F, G and t be as in
Theorem [31] The proof nat : isNat([t]o) is coherent, i.e. for all f: A — B and
g: B — C, there is a proof coh(f,g) : Id(nat(g o f), nat(g) * nat(f)).

Proof. We construct coh(f,g) using the 2-relational interpretation of t. By
COHStYUCtiOH, [[t]]2<f’ g,9©° f7 Id, ref|>2 : [[FH2<fa g,9° f7 Ida reﬂ>2 — [[G]]2<fvg7g ©

f,id, refl)o, hence using Theorem
¢2 o [[t]]2<fvg7g o f7 ldv reﬂ>2 o "/}2 :
(I (z,7))(F € (Fof, Fog, Fo(g o f),id, ap(Fo)p)2Z
— ([t]7) € (Gof, Gog, Go(g © [),id,ap(Go)p)2([tloT))



We define

coh(f,g) = ext(Aa. (¢p20[t]2(f, g, go f.id, refl)01p3) (a, (Fo f)a, Fo(go f)a, a) refl)

— this works, since ¢o and 9 are over (¢, ¢) and (1, 1) respectively, since nat(h)
is defined to be (¢ o [t]; o ¢)refl, and since the 2-relation (Gyf, Gog, Go(g ©
f),id, ap(Go)p)2 exactly says that pasting the two diagrams produces the third
in this case. ad

7 Conclusions and future work

In this paper, we tackled the concrete problem of transporting Reynolds’ theory
of relational parametricity to a proof-relevant setting. This is non-trivial as
one must modify Reynolds’ uniformity predicate on polymorphic functions so
that it itself becomes parametric. Implementing this intuition has significant
mathematical ramifications: an extra layer of 2-dimensional relations is needed
to formalise the idea of two proofs being related to each other. Further, there are
a variety of choices to be made as to what face maps and degeneracies to use
between proof-relevant relations and 2-relations. Having made these choices, we
showed that the key theorems of parametricity, namely the identity extension
lemma and the fundamental theorem of logical relations hold. Finally, we explored
how a standard consequence of relational parametricty — namely the fact that
parametricity implies naturality — also holds in the proof-relevant setting. This
work complements the more proof-theoretic work on internal parametricity in
proof-relevant frameworks [Bernardy et al.,|2015| 2012} [Polonskyl, [2015]. Relevant
is also the work on parametricity for dependent types in general |Atkey et al.l
2014; |[Krishnaswami and Dreyer|, |2013|, assuming proof-irrelevance.

In terms of future work, we are extending the results of this paper to arbitrary
dimensions. We have a candidate definition of higher-dimensional relations, the
requisite face maps and degeneracies and we have proven the Identity Extension
Lemma. What remains to do is to fully investigate the consequences. For instance,
what form of higher dimensional initial algebra theorem can be proved with higher
dimensional parametricity? More generally, we need to compare the methods,
structures and results of higher dimensional parametricity with (where possible)
Homotopy Type Theory and in particular its cubical sets model [Bezem et al.l
2014], which shares many striking similarities. Finally, once the theoretical frame-
work is settled, we will want to implement it and then use that implementation
in formal proof.

Acknowledgements. We thank Bob Atkey, Peter Hancock and the anonymous
reviewers for helpful discussions and comments.
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A Proofs from Section [5]

Proof (of Theorem @) The proof is done by induction on type judgements. For
type variables, all statements are trivial. For arrow types, this is Propositions

and R0l
It remains to prove and for V-types. In this case we only need

to produce maps in both directions — they will automatically compose to the
identity by proof-irrelevance of 2-relations. The structure of the proof is the same
for all of the three points.

Forconsider (70, po; T1, p1) € EqH([[VX.T]hR)(f,g, h,1). We want to show that
(¥ (70), po,¥(11),p1) € [[VX.T}]QEqH(R)(f,g, h,l), i.e. that for every 2-relation @,

(¥ (10)@ro0; poQors ¥ (71)Qr1, p1@Q17) € [T]2(Eqy(R), Q)(foQo0, g0Q105 hoQo1, loQ11)-
By condition we have

(/1Qr0s P0Q1rs [1Qr1, poQor) € [T2(Eqy(R), Q)(foQuo, foQ10, hoQo1, hoQ11)
and using the equalities (f1EqQoo, 70EqQ10, h1EqQo1, 1EqQ11), we can show

(f0Qo0, 90Q10, hoQo1, l0Q11, ¥ (70)Qros PoQor, ¥ (7T1)Qr1, p1Q1r)
= (foQoo, foQ10, hoQo1, hoQ11, f1Qro, PoQ1r, f1Qr1, poQor)

We now transport across this equality to finish the argument.

Finally, in the other direction, if (po, p1, p2, p3) € [[VX.T]]QEq”(]:Z)(f,g7 h,1), then

(B(po), p1,0(p2), p3) € EqH([[VX.T]]lR)(f,g, h,1) by straightforward calculation
and the definition of [VX.T],.

The case is just the same as the previous case, the only difference is that
we now transport starting from condition (A1.2)) and adjust the equalities along
which we transport.


http://homotopytypetheory.org/book
http://arxiv.org/abs/1402.5556

The last case“m more complicated. Consider (7o, 71, po, p1) € C(IVX.T]1 R)(f, g, h,1).
We want to show that (¥ (), (1), po, p1) € [VX.T]2C(R)(f,g,h,1), i.e. that
for every 2-relation @,

(P (70)Qr0s ¥ (11)Qor, poQr1, 1Q17) € [T]2(C(R), Q)(f0Qo0s 90Q10, hoQo1,l0Q11) -
By condition we have

(h1Qr0, M1 Q1r, PoQr1, PoQor) € [T]2(CR, Q) (hoQoos hoQ10, hoQo1,loQ11)

and using the equalities

((11Qo0) ™) * f1EaQoo, (T1EqQ10) ™" * 70Q10, (M1 EqQo1) ~* * h1EqQon, refl),

we can show

(foQo0, 90Q10, hoQo1, loQ11, ¥ (70)Qro, ¥ (1) Qors poQr1, p1Q1r)
= (hoQoo, hoQ10, hoQo1,l0Q11, h1Qro, 1 Q1rs poQr1, PoQor)

We can now transport across this equality to finish the argument. This re-
quires the use of Lemmas and and the fact that (79,71, p0,p1) €

Finally, In the other direction, if (po, p1, p2, p3) € [VX.T]2C(R)(f,g,h,1), then
(©(po),O(p1), p2,p3) € C(IVX.T]1R)(f,g,h,1) by straightforward calculation
and the definition of [VX.T],. O

Proof (of Lemma .
(i) Since

(fiR, fiEqR, fiR, fiEqR:) € [T]2(CoEq(A), Eq_(R))(foRo, foR1,goRo, goR1)

and [T]2(CoEq(A), Eq_(R)) = [T]2(Eq_cEq(A), Eq_(R)) = Eq_([T]:(Eq4, R)),
by Theorem the thesis follows.

(ii) By assumption,
(fiR, 9EqRo, 1 R, $EQR:) € [T]2(Eq_EqA, Eq_R)(foRo, fiR1, goRo, goR1).-

By Theorem [T]2(Eq_EqA, Eq_R) = Eq_([T]:(Eq4, R)), hence we
have tr((¢EqRo) !, (g1EqR1) g1 R = tr(f1EqRo, 9EqRy) f1R. If we now
transport (fi R, pEqRy, g1 R, $EqR;) along the equality proof ((fiEqRg)~!,
(fiEqR1)™1, (pEqRo) ™1, (goEqR1) 1), the result follows.

(iii) By assumption,
(91Qr0, 91Q0r, 31Qr1, 91Q1r) € [T]2(Eqz A, Q)(90Qo0s 90Q10, 90Qo1, GoQ11)

We can transport (g1Qro, 9N Qor, 91Qr1, 9 Q1) along the equality ((¢EqQoo)’1,
(91EaQ10) ", (91EaQo1) ™", (91Ea@11) ™). By[()] and [(ii)} condition (AD), and
[T]2(Eqs 4, Q) = [T]2(Co Eq4, Q), the theblb follows. O



Proof (of Theorem . We need to check that the - and n-rules for both
term and type abstraction are respected. For term abstraction, this follows from
Lemmas [13] and [I6

We next consider the 7)-rule for type abstraction. Let I'; A+ ¢ : VX.T be given. Let

[tloAy = (fo, f1)- Showing [AXt[X][o = [t]o means giving po : Id(AA.foA, fo)
and py : (AR (tr(por(snd(([t]o A7) Eq(Ro)))) ([ Ea(A)O 2 o(refl(7)) R)), snd([]oA7)).
For pg, we choose py = refl. Note that

([t1hEa(A)B.40(refl(7)) R)) = O o(refl([t]o Ay)) R =
tr(f1Eq(Ro), refl) f1 R

under the equivalence with respect to 7 = refl, and

tr(refl + (snd(([t]oAv)Eq(Ro)))) ™" = tr(f1Eq(Rp), refl) '

In this way we can conclude

tr(f1Eq(Ro), refl)_l(QA,O(reﬂ([[t]]o/Tfy)) R) = tr(f1Eq(Ry), refl) ~*tr(f1Eq(Ry), refl) f1 R
= flR-

Similarly, things are exactly lined up to make tr(pair_(po, p1))([AX .t[X]]1) = [t]1
trivial.

For the -rule, consider I', X = ¢: T'. We can use p5 = (It]:Eq(4, [[S]]OA')@A’O(r_efl(v)))_l
to prove [(AX.t)[S]JoAy = [t[X — S]JoAy. This makes tr(pg, ) ([(AX.t)[S]]1) Ry =
[t[X + S][1 R7 trivial, again using Lemma [} 0
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